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The results of the implementation and optimization of the real Level 2 BLAS
routines on the Cyber 205 vectorcomputer are presented. The Level 2 BLAS
routines perform three types of matrix-vector operations, viz., matrix-vector
multiplication, rank-1 and rank-2 updates, and solution of triangular systems of
equations. The performance of the routines varies between 60% and 80% of
the maximum Cyber 205 performance, for general matrices of order 500, and
for band matrices of order 30000 with 6 non-zero diagonals.

INTRODUCTION

A good compromise between portability and efficiency of numerical software
can be found in the LINPACK-Library ([1]), a library of numerical linear alge-
bra routines, which is available on many large scientific computers. In order to
optimize this library on a given machine, only a small core of routines which
perform basic operations on vectors, the so-called BLAS, has to be adapted to
the specific speed requirements of this machine. The remainder of this library,
written in portable ANSI Fortran 77, can be installed unchanged on the given
machine.

However, with the advent of supercomputers like the Cray 1 and the Cyber
205 one realized ([2]) that in order to get maximal performance on these
machines it is necessary to optimize on the matrix-vector level, rather than on
the vector-vector level. To that end, Dongarra et al. have proposed a set of
Extended BLAS or Level 2 BLAS routines ([2, 3]). This set performs three types
of matrix-vector operations, viz., matrix-vector multiplication, rank-1 and -2
updates and solution of triangular systems of equations. Four Fortran data
types of the matrices involved are defined, viz., REAL, DOUBLE PRECI-
SION, COMPLEX, and COMPLEX*16 or DOUBLE COMPLEX (if avail-
able).

We have optimized on a CDC Cyber 205 the real versions of the Extended
BLAS. With these routines we have obtained nearly (between 60% and 80% of
the) maximum performance of this machine with full matrices of order = 500.
The Cyber 205 optimized routines are available in the NUMVEC-Library and
the NUMVEC-Letter presents more information about this library ([5]).

In Section 2 of this paper we give a concise description of the Extended
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BLAS. Section 3 provides details of how we have optimized the real Level 2
BLAS on a Cyber 205 vectorcomputer. In Section 4 we present a selection of
results obtained with a Master Test Program of DONGARRA ([4]) together with
results of efficiency tests, for the 16 real Level 2 BLAS routines.

2. THE EXTENDED BLAS
The set of Extended BLAS is subdivided into three subsets which perform the
following types of operations:

a)  Matrix-vector products of the form

yeadx+By, yead Tx-f-,By, ye—aZTx—F,By,

where « and B are scalars, x and y are vectors, 4 is a matrix,
and of the form

=7
xeTx, xTTx, xeT'x

where x is a vector and T is an upper or lower triangular matrix.

b)  Rank-one and rank-two updates of the form
AcaxyT+A4, Adeaxi’ +4,
H(—ax)_cT+H, H(—ax)_zr-i—?iyfr—i— H,

where H is a Hermitian matrix.

)  Solution of triangular equations of the form

_ _ ——T
xeT 7 'x, x<T Tx, xeT 'x

]

where T is a non-singular upper or lower triangular matrix.

The matrices can be general, general band, Hermitian, Hermitian band, tri-
angular and triangular band (where appropriate); the operations can be done
in real and complex arithmetic, in single and double precision (In appendix B
to [2] some additional routines are proposed which allow exrended precision
matrix-vector operations to be performed).

For the names of the various routines the following convention is adopted:
the first character indicates the Fortran data type of the matrix:

S REAL
D DOUBLE PRECISION
C COMPLEX

Z COMPLEX*16 OR DOUBLE COMPLEX
characters two and three denote the kind of matrix:

GE  General matrix
GB  General band matrix
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SY  Symmetric matrix
SP Symmetric matrix stored in packed form
SB  Symmetric band matrix

HE  Hermitian matrix
HP  Hermitian matrix stored in packed form
HB  Hermitian band matrix

TR Triangular matrix
TP Triangular matrix in packed form
TB  Triangular band matrix

characters four and five denote the type of operation:

MV Matrix-vector product

R Rank-one update

R2  Rank-two update

Sv Solve a system of equations

The available combinations are indicated in the following table. In the first
column (headed complex) the initial C may be replaced by Z. In the second
column (headed real) the initial S may be replaced by D. We have imple-
mented on the Cyber 205 the real Level 2 BLAS routines. The complex rou-
tines will be finished shortly. We have not implemented the D-routines since
on the Cyber 205 the single-precision wordlength (47 bits mantissa) is
sufficient for most applications.

complex real MV R R2 SV

CGE SGE * *

CGB SGB *

CHE SSY * * *

CHP SSP * * *

CHB SSB *

CTR STR * *
CTP STP * *
CTB STB * *

For details of the Extended BLAS (Parameter Conventions, Storage Conven-
tions, Subroutine Specifications, Calling Sequences, Applicability of the
Extended BLAS in the LINPACK and EISPACK-libraries) the reader is
referred to [2]. Here, we present only the calling sequences for all the real
Level 2 Blas routines (Table 2.1).
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name options dim b-width scalar  matrix  x-vector scalar y-vector
SGEMV TRANS. MN, ALPHA. A LDA.  X.INCX.  BETA. Y.INCY)
SGBMV ¢ TRANS, MN. KL KU, ALPHA, A LDA. X INCX.  BETA. Y.INCY)
SSYMV  (UPLO. N, ALPHA, A LDA, X, INCX.  BETA. Y.INCY)
SSBMV  (UPLO. N K. ALPHA, A LDA.  X.INCX.  BETA. Y.INCY)
SSPMV  (UPLO, N, ALPHA. AP, X.INCX.  BETA.  Y.INCY)
STRMV  (UPLO, TRANS. DIAG. N, A/LDA. X INCX)
STBMV  (UPLO. TRANS. DIAG. N K. A LDA. X INCX)
STPMV  (UPLO. TRANS. DIAG. N AP, X, INCX)
STRSV  (UPLO. TRANS, DIAG, N, A LDA,  X.INCX)
STBSV  (UPLO, TRANS. DIAG, N, K. A.LDA. X, INCX)
STPSV  (UPLO. TRANS. DIAG, N AP, X, INCX)

name options dim scalar x-vector y-vector matrix

SGER ( M, ALPHA, X, INCX. Y. INCY, A, LDA)
SSYR (UPLO, ALPHA, X/ INCX, A, LDA)
SSPR (UPLO, ALPHA, X, INCX, AP)

SSYR2  (UPLO,
SSPR2  (UPLO.

ALPHA, X, INCX, Y. INCY, A. LDA)
ALPHA, X INCX, Y. INCY, AP)

zzzzz

TaBLE 2.1. The calling sequences for the real Level 2 BLAS.

The arguments that specify the options have the following meaning:

name value meaning
UPLO ‘U” Upper tr.iangle
‘L Lower triangle
N Operate with the matrix
TRANS P
‘T" or ‘C’ Operate with the transpose of the matrix
piag Y The matr:lx @s unit trigngglar
‘N’ The matrix is non-unit triangular

The size of the matrix is determined by the arguments M and N for an m by n
rectangular matrix, and by the argument N for an n by » symmetric or tri-
angular matrix. The bandwidth of a matrix is determined by the arguments
KL and KU for a rectangular matrix with k/ sub-diagonals and ku super-
diagonals, and by the argument K for a symmetric or triangular matrix with &
sub-diagonals and/or super-diagonals. The matrix can be described by the
array name (A) followed by the leading dimension (LDA) of the array as
declared in the calling (sub) program, when the matrix is stored in a two-
dimensional array. When the matrix is being stored as a (packed) vector, it is
described by the array name (AP) alone. The scalars a and B are described by
the arguments ALPHA and BETA, respectively. The vectors x and y are
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described by the arguments X and Y, respectively, each followed by the
storage spacing in the array of the vector elements, INCX and INCY respec-
tively. For example, a call to SGEMV looks as follows:

CALL SGEMV(TRANS, M, N, ALPHA, A, LDA,
+ X, INCX, BETA, Y, INCY)

This activates one of the following two real matrix-vector operations:
ye—adx+By (TRANS=‘N’), or
yeadTx+py (TRANS='T’or ‘C’).

A is a general M XN matrix, ALPHA and BETA are scalars, X and Y are vec-
tors. LDA is the leading dimension of A (declared in the calling (sub) pro-
gram), INCX and INCY specify the increments for the elements of x and y,
respectively.

3. IMPLEMENTATION OF THE REAL LEVEL 2 BLAS oN THE CYBER 205

3.1. Matrix-vector multiplication on the Cyber 205

On the Cyber 205, operations on arrays should be carried out as much as pos-
sible on elements which are stored in contiguous memory locations. Since in
Fortran elements of two-dimensional arrays are stored columnwise, the ordi-
nary matrix-vector multiplication should be organized in terms of operations
on columns (which could be rows of the matrix in the transposed case). We
shall discuss here the matrix-vector multiplication y:=A4x, 4 =(q;), x =(x;),
Y=, i=1 - m; j=1,-- 000, where A is a general matrix, a symmetric
matrix, or a band matrix (the triangular case runs similar to the symmetric
case).

3.1.1. A is a general matrix. The usual mathematical formulation for y:=Ax
is:

Yii= Dayx=(a,x), =1 .m,
j=1

i.e., y; is the inner product of the i-th row of 4 (denoted by ;) and the vector
x. On the Cyber 205 we compute

n
= 2x4;
j=1

i.e., a linear combination of the columns of A with coefficients x,x,, - - -, X,.
This can be done with the well-known linked-triad (or SAXPY) construction
(vector 1:= vector 1 + scalar*vector 2), hence each column addition requires
m clock cycles (apart from start-up time).



